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In this work, high-resolution 2-D numerical simulations were performed on the
motion of deformable bubbles in non-Newtonian fluids and the associated mass transfer.
For that purpose, we have implemented a semi-Lagrangian advection scheme and
improved the fluid dynamic calculation by the usage of implicit algorithms. Non-Newto-
nian fluids are described by generalized Newtonian as well as viscoelastic model fluids. As
shear-thinning model we use a Power-Law and a Carreau-Yasuda model, the viscoelastic
fluid simulations are based on an Upper-Convected Maxwell model combined with a
recently introduced model for the evolution of the effective shear rate. The mathemati-
cal challenges arising from the hyperbolic nature of the resulting set of equations are
addressed by inclusion of artificial diffusion in the stress equation. In our work, it was
found that shear thinning effects have impact on collision rates, and therefore, may
influence coalescence of bubbles in non-Newtonian liquids. Furthermore, for the first
time, concentration fields of dissolved gas in viscoelastic fluids are presented. The
study shows that the fluid elasticity plays a major role for bubble rise velocity, and
therefore, mass transfer. As the wake dynamics differ significantly from that in
Newtonian liquids, abnormal mixing characteristics can be expected in the bubbly flow
of viscoelastic fluids. � 2007 American Institute of Chemical Engineers AIChE J, 53: 1861–

1878, 2007
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Introduction

Because of persistent uncertainties in the underlying mod-
els and system properties, the scale-up of bioreactors remains
a challenging problem. For example, the rheology of media
in bioreactors is non-Newtonian in most cases.1–8 However,

details of the non-Newtonian fluid characteristics, such as
viscoelasticity or the tendency for shear thinning, are fre-
quently unknown or neglected. Furthermore, in contrast to
Newtonian media, there is a lack of general correlations for
mass and heat transfer rates, which are needed for the predic-
tion of oxygen supply and heat removal. Similar observations
can be made for the properties needed to precisely predict
transport of metabolites, nutrients, or CO2. So far, most stud-
ies are based on experimental investigations, which are usu-
ally interpreted with simple theoretical models.3,4,8–11 First-
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principles methods to predict mass-transfer coefficients,
transport rates, and other parameters in non-Newtonian fluids
have not been reported so far.

Local mass transfer is not the only micro-effect of central
importance in the design of bioreactors. Knowledge of the
localized forces, such as shear and normal stresses in the
cell’s microenvironment, is also a key for determining
whether a bioreactor is suitable to handle sensitive biosys-
tems.12 Subcritical shear stresses found in the hydrodynamic
environment of large-scale reactors may reduce cell produc-
tivity by impacting transcription, translation, secretion, and
other mechanisms.13 Even more importantly, serious damage
to fragile microorganisms, biofilms, and immobilized biocata-
lysts due to high shear rates or normal forces has been
reported.14–20 However, it was shown recently that local
stresses generated by agitation alone cannot cause significant
cell lysis and necrosis.21,22 Nevertheless, stresses encountered
during bubble rupture at the free surface of the fermentation
medium can lead to significant damage. Thus, cell attach-
ment to rising bubbles would be critical to predict the rate of
cell transport to the free surface and the ensuing damage
rates (for an overview of the involved mechanism, refer to
Nienow23). This has been the objective of numerous studies,
both theoretically24 as well as experimentally.25 However,
due to the complex interactions of surfactants, cells, and the
bubbles, no ultimate model for the prediction of cell trans-
port to the free surface is available at the moment.

In summary, there is a need to better understand the proc-
esses occurring on a microscale (bubble mass transfer, nutri-
ent transport, cell attachment to rising bubbles, local stress
distribution), since it is the (time-integrated) microenviron-
ment of the cell which determines their productivity and life
span. In the past, only a few publications addressed the
effects in bioreactors on the microscale. For example, an
analysis of cell stress due to local forces and hypoxia in
Newtonian media has been reported by our group for the first
time,26,27 and the importance of accounting for both shear
and normal forces, as well as the oxygen distribution, was
illustrated. In another study by Richard and Margaritis28 on
the production of polyglutamic acid, the importance of pre-
dicting local shear rates and mass-transfer coefficients was
pointed out. However, the authors did not develop micro-
models to describe these effects.

To develop microscale models, it is critical to simulate the
flow using model-free, first-principles tools, such as Direct
Numerical Simulation (DNS) methods. With these methods it
is now possible to fully resolve the interface of a bubble in
all three dimensions and even to predict the interaction of
many deformable bubbles.29 The inclusion of species conser-
vation, however, has been a persistent problem due to the
high Schmidt numbers that require a large number of grid
points to resolve the concentration field. For the first time,
Koynov et al.30 performed DNS of this challenging problem
and provided detailed results on mass transfer and chemical
reactions in fully deformable bubble swarms. The only sig-
nificant restriction of their work is the use of a 2-D rectangu-
lar grid, which is also used in the current work.

In this contribution, we extend their method to realistic
non-Newtonian media, including viscoelastic fluids, to pre-
cisely study and predict effects encountered in biotechnologi-
cal applications. We apply the method to gassed bioreaction

systems, where the liquid phase is continuous and bubbles
are rising in a non-Newtonian fluid. Different scenarios are
considered, such as purely viscous fluids and viscoelastic
media, whose rheology is described by an Upper-Convected
Maxwell (UCM) model fluid. To the best of our knowledge,
this is the first report of first-principles simulations of mass
transfer around bubble swarms in non-Newtonian fluids,
including viscoelastic media. Using our method it will be
possible to compute mass-transfer coefficients, shear and
elongation rate distributions, and other parameters in non-
Newtonian fluids, without any experimental data or correla-
tions.

Background

Gas–liquid mass transfer and species transport in chemical
and bioreactors have been investigated for many decades as
a basis for rational design, operation, and scale-up of these
reactors. In most studies, experimental methods that assume
a perfectly mixed batch reactor were used.11,31,32 This tech-
nique is based on the measurement of the time evolution of
the average dissolved gas concentration in the reactor. With
this approach, only the product of liquid-phase mass-transfer
coefficient kl and the specific interface area a, i.e., the volu-
metric mass-transfer coefficient kla, can be estimated. Based
on these data, dimensionless correlations for the modified
Sherwood number Sh* as a function of the Reynolds number
Re, the Schmidt number Sc, and the Froude number Fr can
be developed. In the case of non-Newtonian fluids, the appa-
rent viscosity lap and an averaged shear rate _cap are used in
the Sh 5 f(Re, Sc, Fr) correlations.7 More refined experimen-
tal techniques include estimation of the influence of the flow
index n of the power-law shear-thinning model.9,33

However, for typical biotechnological applications (e.g.,
viscoelastic xanthan gum suspensions) the mass-transfer coef-
ficient is significantly underestimated using this approach.
This is due to the exclusion of the fluid elasticity, which can
be a significant factor in bioreactor broths.9,33

In the last years, there has been increased interest in
understanding mass transport and mixing in gas–liquid multi-
phase systems using computational methods. One approach
focuses on the large-scale mixing pattern in the reactor.
Clearly, in such macroscale simulations, neither the hydrody-
namics nor the concentration fields can be fully resolved.
Only averaged quantities are obtained, and models for the
drag, mass-transfer coefficients, and turbulence closures need
to be provided. To model the turbulence, most simulations of
the continuous phases have been based on Reynolds-averaged
Navier Stokes (RANS) equations34–36 and large eddy simula-
tions (LES).37–42 The literature concerning such macroscale
approaches is extensive37,43 and includes either Euler-Euler
or Euler-Lagrangian methods. In Euler-Euler simulations, the
multiphase system is treated as two interpenetrating continu-
ous phases. In Euler-Lagrange simulations, the multiphase
system is modeled as a continuous phase, in which the dis-
perse phase is tracked and treated as point source for mass
and momentum exchange.

The second approach focuses on microscale simulations,
entailing a full resolution of all effects on all scales and,
thus, obviating the need of any subgrid modeling. The
detailed knowledge of micro-effects can then be used to test
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closures for macroscale simulations.44 For example, Koynov
et al.30 studied mass transfer from single and multiple bub-
bles rising in a quiescent liquid. In their simulation no mass-
transfer correlations were needed. Instead, mass-transfer
coefficients were predicted, which agreed very well with ex-
perimental literature data. Such simulations are called DNS,
because the hydrodynamics as well as the concentration
fields result directly from first principles. However, the com-
putational mesh has to be fine enough, such that the Kolmo-
gorov length scale g (turbulence) and the Batchelor length
scale gB (concentration field) can be resolved:

g
l0
� Re�3=4 (1)

gB � g � Sc�1=2 (2)

In liquids the Batchelor scale is about 20–100 times
smaller than the Kolmogorov scale, since liquid-phase
Schmidt numbers typically vary between 500 and 10,000. In
addition to the length-scale, also the smallest time scales of
the chemical reactions and the fluid dynamics have to be
resolved. Therefore, the computational requirements of DNS
of reacting flows in liquids are much higher than purely fluid
dynamical calculations. As a consequence, DNS of reacting
systems is limited to low Re-number problems or to 2-D
cases.

For the DNS of multiphase systems with fully resolved
interfaces, different techniques have been used. The first

approach includes front capturing methods, where the front is

captured directly on a uniform grid. The volume of fluid

method is a typical example and has been used widely.45,46

Lagrangian methods, in which the grid follows the fluid,

have been reported.47 The Lagrangian approach was coupled

with an unstructured, moving finite-element mesh by Hu

et al.48 to simulate the movement of particles. A third

method by Leal and coworkers uses separate grids for each

phase and can thus provide very high accuracy.49,50 Unfortu-

nately, only simple geometries can be described. Another

approach is the front-tracking (FT) method,29,51 where a sep-

arate grid is used to track the front, whereas the conservation

equations are solved on a fixed uniform grid. With such

methods, very high accuracy, even for complex flows, can be

achieved.52

In most recent CFD simulations of multiphase and bioreac-
tors it was assumed that the liquid phase is a Newtonian
fluid, although it is known from numerous experimental stud-
ies that the rheology is often strongly non-Newtonian.1–9,11

When non-Newtonian behavior was considered, generalized
Newtonian-fluid models (GNFMs) were employed, where the
fluid is assumed to exhibit only viscous effects. With
GNFMs it is possible to use the same framework as for New-
tonian fluids. The constant viscosity is hereby replaced by a
viscosity that is a function of the local shear rate. However,
experiments suggest that most non-Newtonian fluids, such as
fermentation broths or cell suspensions, exhibit elastic effects
that pose significant challenges for the numerical implemen-
tation. To describe their rheology, linear and nonlinear visco-
elastic models have been proposed. The most straightforward
linear viscoelastic fluid model is the Maxwell model. It has
many modifications and the upper-convected version (the

UCM-model) has been used successfully in CFD-codes to
describe viscoelastic fluid behavior. It is based on the serial
combination of viscous components via viscous dampers
(characterized by the viscosity l) and linear elastic contribu-
tions via Hookean springs (characterized by the constant
KSpring). Nonlinear viscoelastic models, such as the Oldroyd-
B, Giesekus, or Phan-Thien & Tanner (PTT) models, can be
derived from the Maxwell model or from molecular theory.
Such models are mostly applied to polymer melts and solu-
tions, where polymer molecules are described as beads con-
nected with spring elements (e.g., FENE-type models).
Nevertheless, development of models for non-Newtonian flu-
ids is still an ongoing process. A complication of viscoelastic
CFD simulations is the fact the equations governing the flow
become hyperbolic in nature, giving rise to additional prob-
lems when trying to solve the equations numerically. Thus,
CFD algorithms for viscoelastic fluid simulations need to be
significantly more sophisticated and stable.

The difficulties of viscoelastic fluid simulations have been
summarized as the ‘‘high-Weissenberg number problem
(HWNP).’’ The Weissenberg number (Wi) is the ratio of a
characteristic elastic time (relaxation time tm) and a charac-
teristic time of the flow. Simulations are limited to a maxi-
mal attainable Wi-number, depending on the algorithm.
When the elasticity of the fluid dominates the viscous effects,
CFD simulations begin to become unstable. Despite several
approaches to solve this problem, the HWNP remains some-
what of a mystery,53–61 and the fundamental question,
whether the limiting Wi-number is a purely numerical phe-
nomenon or rather a breakdown of the constitutive equations,
is still under debate.

Using classical methods like the elastic-viscous-split-stress
(EVSS) formulation and its modifications, the simulation of
viscoelastic fluids is restricted to Wi-numbers in the order of
O(1) for the flow past a cylinder. Recently, there have been
attempts to overcome this problem using a transformation to
logarithmic variables together with a discrete elastic-viscous-
split-stress (DEVSS) formulation.62 These attempts are suc-
cessful in the sense that a limiting Wi-number does not exist
anymore for the Giesekus model. This example illustrates
that the simulation of viscoelastic fluids, even for simple
constitutive equations such as the Oldroyd-B or UCM model,
is still a challenge.

The sedimentation of a sphere in an elastic fluid has
become a benchmark problem in non-Newtonian fluid
mechanics.63 Typical features of this flow in comparison to
the Newtonian case can be observed. Experiments (for a
review refer to McKinley63) and numerical simulations64,65

have confirmed the existence of a ‘‘negative wake,’’ i.e., an
additional recirculating region downstream of the sphere with
a reversed vorticity compared to the motion near the sphere.
This flow structure is very sensitive to the relative magnitude
of the shear-thinning (pseudoplasticity) and the elastic
effects. Similar phenomena are observed for the flow of bub-
bles in non-Newtonian liquids,66,67 leading to teardrop-
shaped bubbles. It is believed that both effects (shear-thin-
ning and viscoelasticity) are responsible for this atypical
behavior of bubbles in non-Newtonian liquids.63 Another
effect that has been observed in viscoelastic fluids is the
jump discontinuity of the bubble’s rise velocity.66,68–70 Her-
rera-Velarde et al.70 found that the velocity field around the
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bubble changes abruptly for bubble volumes at a critical
value. In addition, they reported an influence of the container
size on the magnitude of the jump discontinuity.

In summary, there are significant efforts to investigate
gas–liquid flows in non-Newtonian liquids, including visco-
elastic media. In contrast, there have been no studies in the
literature addressing mass transfer, chemical reactions, and
the dynamics of bubble swarms in such liquids based on
high-fidelity computations. However, a detailed understand-
ing of bubble dynamics, (bio)chemical reactions, species
transport, and mass transfer is critical for the design, opera-
tion, and scale-up of many industrially relevant systems,
such as cell-culture bioreactors and fermentors. Mammalian
cell cultures (e.g., CHO cells for therapeutic proteins produc-
tion) and filamentous fungi fermentors (production of anti-
infectives and vaccines) are known to be persistently hard to
scale-up. For such systems a detailed understanding of the
local microphenomena, which are the ones determining cell
stress and viability, is important and will open the door to
much improved systems with higher productivity and stabil-
ity.

To address such problems, we present a new DNS method
to investigate all relevant effects in bubble swarms in non-
Newtonian media, including the dynamics of bubble swarms,
the deformation of bubbles, species transport, and mass trans-
fer between bubbles and liquid phase. These results may help
to develop and to test microscale models, e.g., for gas–liquid
mass transfer, which can be used subsequently for macro-
scale CFD simulations.

Problem Formulation

In our work, a modified 2-D hybrid FT/front-capturing
method29 is used to simulate the motion of deformable gas
bubbles in non-Newtonian liquids, including the solution of
the species conservation equation. We fully resolve the fluid
dynamics as well as the concentration field around individual
bubbles on a grid containing almost 7 million nodes. This
approach allows us to predict accurately bubble dynamics as
well as mass-transfer coefficients. The basics of the computa-
tional method are described in Koynov et al.30 The focus of
this work is our new scheme for the solution of the species
conservation equations and the implementation of purely vis-
cous and viscoelastic non-Newtonian fluid models.

Fluid dynamics

In the FT/front-capturing method, the front of the bubble
is directly tracked and the material properties, such as den-
sity, viscosity, and diffusivity, can then be reconstructed on a
fixed grid. The jump in the material properties as well as the
interfacial momentum exchange at the phase boundary is
directly captured that way. Therefore, no additional modeling
is required. Finally, the momentum balance and the species
conservation equation are solved in the entire domain, treat-
ing the multiphase system as a single fluid with changing
material properties.

The dimensionless groups governing the non-Newtonian
bubble flow are (i) the Morton number, Mo 5 g � ll

4 �Dq/
(ql

2 � r3), (ii) the Eötvös number, Eo ¼ g � Dq � d2
b=r, (iii) the

Deborah number De 5 tm �Ut/db in the case of the visco-

elastic fluids, where tm is the relaxation time of the fluid, and
(iv) the dimensionless model parameters of the shear thinning
model for purely viscous non-Newtonian media. The Reyn-
olds (Re) number Re 5 db �Ut � ql/ll is a result of simula-
tions. In the case of power-law shear-thinning fluids, the Re
number was calculated with the representative shear rate to
give Repower-law 5 db

n �Ut
(22n) � ql/K.

Purely Viscous Fluids. In the case of purely viscous flu-
ids, the governing equations can be written as

@q �~u
@t

þ ~u � rð Þq~u¼�rpþ q �~f þr � l ~xð Þ � r~uþrT~u
� �� �

þ
I

rj0~n 0 � d2 � ~x�~x 0ð Þ � ds0 ð3Þ

r �~u ¼ 0: (4)

These equations are satisfied for the entire computational
domain, regardless of the discontinuities in the material prop-
erties.29 As we need the local shear rate (Eq. 5) for the
reconstruction of the viscosity, the latter is calculated with a
central differences scheme from the velocity field ~u via the
rate-of-deformation tensor D (Eq. 6).

_c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 � D : D

p
(5)

D ¼ 1

2
� r~uþrT~u
� �

(6)

Viscoelastic Fluids. In the case of a viscoelastic fluid,
the momentum equation is solved in the form:

@q �~u
@t

þ ~u � rð Þq~u ¼ �rpþ q �~f þr � s

þ
I

rj0~n 0 � d2 � ~x�~x 0ð Þ � ds0 (7)

together with the continuity equation (Eq. 4). For this case,
the stress tensor s is computed explicitly.

Constitutive equations for non-newtonian fluids

Purely Viscous Fluid Models. For viscous non-Newto-
nian fluids, we use a power law model (Eq. 8) and a Car-
reau-Yasuda shear-thinning model (Eq. 9).

l ~xð Þ ¼ K � _c ~xð Þn�1
(8)

l ~xð Þ � l1
l0 � l1

¼ 1 þ k � _c ~xð Þð Þa½ �
nCY�1

a ; (9)

K denotes the consistency index in Pa � sn, and n is the flow
index of the power law model. In the Carreau-Yasuda model,
l1 and l0 denote the shear viscosity at infinite and zero
shear rate, respectively. k, a, and nCY are dimensionless pa-
rameters.

Once the local shear rate has been calculated at each nodal
point of the domain, the apparent viscosity can be recon-
structed, as the local viscosity changes instantaneously with
the shear rate. In the presented examples the power law
model with a low shear-rate cutoff was used. However, any
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other model on the basis of a generalized Newtonian fluid
can be used.

Viscoelastic Fluid Models. For viscoelastic media the
UCM fluid model has been implemented, which allows inclu-
sion of elastic effects, at least qualitatively. The model can
be refined using a full relaxation spectrum. However, the fol-
lowing description is based on a single-mode UCM fluid
model for simplicity (Eq. 10).

s ~x; tð Þ þ tm � sr ~x; tð Þ ¼ 2l ~x; tð Þ � D (10)

Here tm denotes the relaxation time of the fluid and D is
the rate-of-strain tensor. Due to the shear-thinning effects of
the viscosity l and due to the upper-convected derivative

s
r
~x; tð Þ in Eq. 11,

s
r
~x; tð Þ ¼ @s ~x; tð Þ

@t
þ~u � rs ~x; tð Þ � r~u � s ~x; tð Þ � s ~x; tð Þ � rT~u;

(11)

even the single-mode UCM fluid model is a nonlinear visco-
elastic model. The nonlinearity is introduced by the last two
terms in the upper-convected derivative (Eq. 11) that repre-
sent the deformation of the coordinate system in which the
stresses are calculated.

71 This formulation results in a set of
2-D partial differential equations for each stress component
of the tensor s.

The relaxation time tm in the case of a single-mode Max-
well model is established from an experimentally determined
relaxation function G(s), which is defined as (for the deriva-
tion refer to Böhme71):

GðsÞ ¼ G0 � exp � s

tm

� �
; (12)

where s denotes the time. Experiments are usually designed
to determine the complete spectrum of relaxation times tm,k.
Thus, the relaxation function G(s) can be approximated by a
discrete spectrum, i.e.,

GðsÞ ¼
XK
k¼1

Gk � exp � s

tm;k

� �
: (13)

The constitutive equation then becomes71

sk ~x; tð Þ þ tm;k � sk
r

~x; tð Þ ¼ 2lk ~x; tð Þ � D (14)

s ¼
XK
k¼1

sk ~x; tð Þ; (15)

where viscosity lk can be calculated as

lk ¼ tm;k � Gk: (16)

Thus, for each mode the UCM model has to be solved, and
the arising stresses corresponding to each mode have to be
summed up. In our simulations, a single-mode UCM model
has been used in order to save computational resources. How-
ever, multimode simulations can be easily implemented.

Such multimode simulations were carried out by Frank
and Li64 and Kemiha et al.65 with some modifications. First,

they used a simple Maxwell model instead of considering the
upper-convected derivative. Secondly, they used a modifica-
tion of the relaxation times to account for shear-thinning
effects. This approach has the advantage that the data
obtained by standard rheological characterization methods
can be used, and only two additional parameters, i.e., the
characteristic time tr,0 for the time-delay of the relaxation
time and a reference shear rate /0, have to be estimated.

A similar approach was used in our study, but only for the
shear-thinning effect. Like Kemiha et al.,65 we use a Carreau
model for the interdependence between viscosity and an
‘‘effective’’ shear rate /. Thus, the viscosity is calculated
(Eq. 17) using the value / as a characteristic shear rate
instead of the physical shear rate _c determined by the actual
velocity field. The quantity / is described by a simple ODE
(Eq. 18) with two new parameters tr0 and /0 (Eq. 19).

l /ð Þ � l1
l0 � l1

¼ 1 þ k � /ð Þ2
h iðn�1Þ=2

(17)

@/
@t

¼ �/� _c
tr /ð Þ (18)

tr /ð Þ ¼ tr;0
1 þ /=/0ð Þ (19)

The viscosity is equal to the value calculated from the
Carreau model, when the effective shear rate / approaches
the physical shear rate _c. As the parameters tr,0 and /0 can-
not be determined using standard rheological methods (e.g.,
oscillation experiments in rotational viscosimeters), Frank
and Li64 used consecutive relaxation experiments to estimate
these values. They proposed the values of tr,0 5 12 (s) and
/0 5 0.50 (s21) for their 0.5% polyacrylamide solution. The
same parameters were used in our study.

Species conservation equation

The equation describing the transport of species a is

@ca
@t

þ ~u � rð Þca ¼ Da � r2ca þ
X
j

ma;j � rj: (20)

Note that as we fully resolve the concentration field, Da is the
true molecular diffusion coefficient. The Schmidt number, Sc 5

ll/ql Da, is the dimensionless number characterizing the viscous
momentum transport in relation to the diffusivity of species a.
The last term in Eq. 20 is the chemical reaction term.

Numerics

In general, the model can be solved using methods for sin-
gle-phase system, since a priori both phases are treated as
one fluid, with the physical properties changing at the inter-
face. Unless otherwise stated, we use a central-differences
discretization on a fixed, rectangular, staggered grid. The
interface is marked with a separate 1-D grid that is advected
with the computed velocity field.

Integration of the momentum equation

The momentum and the mass conservation equations are
solved simultaneously for the time step n 1 1 in the compu-
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tational domain, using a two-step method.30 In the first step
(prediction step), the pressure gradient in the momentum
equations is neglected, and an intermediate velocity field u*
is computed. Since the emphasis of this study is bubble
motion in non-Newtonian fluids that are often highly viscous,
stability of the simulation at low Re-numbers is important.
For explicit formulations the time-step criterion from the vis-
cous term in the momentum equations is

Dtmax;visc ¼
1

4
� Dxð Þ2

max
l1

q1
; l2

q2

� 	 ; (21)

where the indices 1 and 2 denote the two phases. As can be
seen, the maximum time-step size is decreasing with increas-
ing viscosity and decreasing grid-width. To relax this con-
straint for highly viscous flows, a Crank-Nicholson (CN)
Scheme was used to obtain a second-order accurate time
stepping, i.e.,

qnþ1 �~u� � qn �~u n

Dt
¼ � rh �~u nð Þqn~u n þrh

� ln ~xð Þ � 1

2
� rh~u

n þrh~u
� þ rT

h~u
n þrT

h~u
�� �� �

þ ~Fr: ð22Þ

In Eq. 22 the subscript h denotes the numerical approxima-
tion of the spatial derivative and ‘‘*’’ refers to the preliminary
velocity field at time step n 1 1. In the case of a viscoelastic
fluid model, the viscous term on the right-hand side of Eq. 22
is replaced by the total stress term. The viscous part of the
stress term is still considered implicitly (i.e., the average
between time step ‘‘n’’ and ‘‘*’’ is used), leading to improved
stability. Due to the spatially varying viscosity, a mixed de-
rivative appears in the expression for the viscosity term in the
discretized momentum equation (Eq. 22). This term was con-
sidered explicitly. With this formulation formally no stability
criterion has to be satisfied in contrast to Koynov et al.30

Thus, the current version of the code is significantly faster.
To reduce the computational effort, an alternating direction
implicit (ADI) scheme was used, such that only a tridiagonal
system needs to be solved in each direction.

In the second step, the pressure gradient is added resulting
in a Poisson-like equation that is solved via an SOR algo-
rithm. The use of an iterative method (instead of a fast Pois-
son solver) is necessary due to the variable density.29,30

Discretization of the viscoelastic constitutive equation

The solution procedure used in our work is based on the
method of Sarkar and Schowalter.72 The constitutive equa-
tions (Eqs. 10 and 11) can be rearranged to yield

s ~x; tð Þ þ tm � @s ~x; tð Þ
@t

¼ K ~x; tð Þ: (23)

The tensor K on the right-hand side of Eq. 23 is

K ~x; tð Þ ¼ 2l ~x; tð Þ � D� tm

� ~u � rs ~x; tð Þ � r~u � s ~x; tð Þ � s ~x; tð Þ � rT~u
� �

: ð24Þ

Each stress component of K can be integrated by parts to
give the following discretized form:

snþ1 ~x;tð Þ�sn ~x;tð Þ �exp �Dt=tm

h i
¼Knþ1 ~x; tð Þ

�Kn ~x;tð Þ �exp �Dt=tm

h i
�
Ztnþ1

tn

exp �t=tm

h i
�@K ~x;tð Þ

@t
�dt ð25Þ

By neglecting variations of K ~x; tð Þ with time, the integral
in Eq. 25 can be omitted. Furthermore, this implies that
Knþ1 ~x; tð Þ is equal to Kn ~x; tð Þ and the following explicit nu-
merical scheme for the calculation of the new stresses at the
time step tnþ1 is obtained:

snþ1 ~x; tð Þ ¼ sn ~x; tð Þ � exp �Dt=tm

h i
þ Kn ~x; tð Þ � 1 � exp �Dt=tm

h i� 	
: ð26Þ

Note that in this scheme no singularity exists for relaxation
times tm approaching zero, which is the case inside the bub-
ble. As noted by Sarkar and Schowalter,72 another advantage
of this method is that the elliptic nature of the equations is
retained, and no additional problems occur associated with
the hyperbolic nature of Eq. 23. This effect could not be con-
firmed in our work. However, two problems have been
reported by Sarkar and Schowalter72: first, for the convective
terms in the stress equation a central-differencing scheme is
not stable. Thus, a second-order QUICK scheme was used by
them. In our code the convective stress terms in Eq. 24 are
computed based on a SMART-bounded-QUICK scheme73 to
minimize stress overshoots and spurious oscillations in the
stress field. Secondly, choice of the initial and boundary con-
ditions is critical for the simulations. For a detailed discus-
sion regarding the implementation of boundary conditions in
the current work refer to Appendix A.

Artificial diffusion to stabilize the constitutive equation
for viscoelastic fluids

Introduction of artificial diffusion (AD) into hyperbolic
equations is a common way to stabilize this type of mathe-
matical problem. The diffusion term hereby acts as a sink for
spurious oscillations in the stress field. Furthermore, in our
simulation the relaxation time has a jump at the gas–liquid
interface, leading to additional perturbations. AD stabilization
has been used in viscoelastic fluid simulations, e.g., for Old-
roy-B fluids, and the algorithm’s stability and the effect on
the dynamics of time-dependent viscoelastic flows have been
assessed by different authors.74,75 Their procedure is based
on an implicit form of the AD term in the stress equation. In
our code the diffusion term is added in the Crank-Nicholson
method directly to the intermediate stress tensor e~s nþ1 calcu-
lated from the constitutive equation.

~s nþ1 ¼ e~s nþ1 þ j � Dt � r2~s n

2
þr2~s nþ1

2


 �
(27)

This equation (Eq. 27, a Helmholtz PDE) is then solved
for the new stresses ~s nþ1 at each nodal point. It was shown
by Sureshkumar and Beris74 that if the length scale of the
stress diffusivity is small compared to the length scale of the
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smallest eddies, the simulation can be stabilized, without dis-
rupting the qualitative behavior of the flow. The length scale
associated with the stress diffusion term is

lj=h ¼
ffiffiffiffiffiffiffiffiffiffiffiffi
j � Wi

p
; (28)

where Wi is the Weissenberg number, h is a reference
length, and j is the dimensionless artificial stress diffusivity.
As the length scale of the smallest viscous eddies is
ll=h ¼

ffiffiffiffiffiffiffiffiffiffiffi
1=Re

p
, the ratio between the length at which stress

fluctuations are damped and the smallest viscous eddies is

lj=ll ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
j � Re � Wi

p
: (29)

Sureshkumar and Beris74 used values of j from 1022 to
1024 in their simulation of turbulent flows in a pipe (Re 5

5000 and We 5 O(1)), resulting in values of lj=ll between
0.7 and 7, which is unsatisfactory. They concluded that a
finer mesh is needed for lower values of j. However, in our
study the aim is to predict the mass transfer in laminar flow
with Re-numbers of O(10) and a Wi-number of O(1). As we
use artificial stress diffusivities in the order of 1022 to 1024,
the length scale of the stress diffusivity will be small com-
pared to the scale of the smallest eddies. Thus, the behavior
of the flow can be conserved when applying the artificial
stress diffusion algorithm for stabilization.

Semi-Lagrangian advection for the species
conservation equation

Since the Pèclet numbers of our problems are high (1000–
10,000 for the flow of air bubbles in water), the advection
term is dominating the diffusion term. Therefore, use of an
accurate advection scheme producing no or an insignificant
amount of numerical diffusion is critical for the resolution of
the steep gradients. The solution of the species conservation
equation with direct, first-order discretization (variations of
the upwind scheme) typically leads to inaccurate results due
to numerical diffusion, introduced by the discretization of the
convection term. Thus, in our simulation a novel semi-
Lagrangian (SL) advection scheme is used that was initially
developed for atmospheric modeling.76 This scheme is very
stable (high Courant-numbers are feasible), accurate (about
one order of magnitude better than the conventional advec-
tion schemes), and it is relatively straightforward to imple-
ment in comparison to an operator combined SL (OC-SL)
scheme (see Staniforth and Côté76). Our operator splitting –
SL – scheme first advects the concentration field directly
from the departure point to the current grid point. Then, the
algorithm carries out the diffusion and reaction step.

Step 1: Advection with a Semi-Lagrangian Scheme. In
this step the following 2D-advection problem is solved

dca
dt

¼ @ca
@t

þ u � @ca
@x

þ v � @ca
@y

¼ 0: (30)

The discretized form of this equation is76

cþa � c�a
2 � Dt ¼ 0: (31)

In this centered O(Dt2) approximation the index ‘‘1’’
denotes values at the arrival point (on the grid) and the index

‘‘–’’ the quantities at the departure point. Clearly, cþa ¼ c�a .
To compute the unknown concentration at the departure
point, it is necessary to know the concentration field
ca ~x; tn�1ð Þ at t 2 Dt.

The sub-steps of this scheme are:
� Determination of the distance vector ~a between arrival

and departure point. For this, an iteration cycle was imple-
mented, where an initial value of the distance vector is
estimated, and then the pathway of an imaginary particle at
the considered grid node is tracked half a step backwards.
At this intermediate position the velocity is interpolated
bilinearly to get the new distance vector ~a: This procedure
is repeated three times, which is sufficient for convergence.

� Computation of the coordinates of the departure point
~xdep ¼ ~x � 2 �~a

� Interpolation of the concentration c�a at the departure
point ~xdep by interpolation between the grid values. An
adaptive bicubic interpolation at t 2 Dt is used, as described
in Staniforth and Côté.76 The choice of the interpolation
method used is critical, because over- and undershoots must
be avoided at any time. As the interpolation scheme is quite
slow, in our algorithm it is skipped in areas where the con-
centration is under a certain limit.

� Set cþa ¼ cn
0

a ¼ c�a
Step 2: Diffusion with a Crank-Nicholson Scheme. A

standard implicit CN-Scheme is used together with an ADI
algorithm to reduce the computational cost.

The new semi-Lagrangian algorithm has two main advan-
tages:

� Advection is based on a semi-Lagrangian scheme and is
therefore much more stable. In contrast to conventional
advection schemes used in other studies, the SLCN-scheme
does not need to satisfy any stability criterion. Thus, any
time step will result in a stable calculation. However, since
the linear SL-scheme is only second-order accurate, it is sug-
gested to limit the dimensionless time step to a Courant num-
ber a of 4–5.77

� The scheme is highly accurate, even at high Peclet-Num-
bers (Pe). Thus, even steep gradients in the flow field and in
the concentration boundary layer may be resolved.

Another criterion for time steps necessary to obtain accu-
rate simulations is to resolve a minimum relative wave-
length.77 However, this criterion was always satisfied in our
computations due to the low diffusivities.

Simulation parameters

The dimensions of the computational domain used was
6db 3 18db for most simulations of viscoelastic fluids and
12db 3 36db for other simulations. Periodic boundary condi-
tions were used at all sides of the rectangular computational
domain. Due to stability problems in the solution of the mo-
mentum equation, the density ratio of gas and liquid phase
was 1:10. Since the magnitude of gas-liquid interactions
depends on the difference in density and not the ratio, this
will not cause significant deviation in the results. The sensi-
tivity of the results with respect to the density and viscosity
ratio is discussed in Appendix B.

The time step size was set to 1–4 times of the maximum
stable viscous time step Dtmax;visc (Eq. 21) depending on the
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desired level of accuracy. Furthermore, the restriction due to
the advection term at high Reynolds-numbers

Dtadv ¼ 2 �
min

l1

q1
; l2

q2

� 	
V2

max

(32)

and the Courant criterion (a 5 4) were checked. If necessary,
the time step was decreased accordingly. For simulations
involving viscoelastic fluids an even smaller time step had to
be used to guarantee stability.

The grid resolution for the fluid dynamical computations
was chosen depending on the bubble Re number and was
varied between 120 3 360 and 200 3 600 cells such that
the smallest scales were resolved and the fluctuation of bub-
ble volume were acceptable (i.e., less than 1%). Solution of
the species conservation equations were done on a finer grid.
The grid resolution used was adjusted between 500 3 1500
and 1500 3 4500 cells to resolve the concentration boundary
layer at high Pe numbers. With this grid, a maximum
Schmidt number of 400 and Peclèt number of 2000 could be
considered. This illustrates that a 3-D DNS with fully
resolved boundary layer at realistic Schmidt and Peclet num-
ber is only possible with parallel machines using more than
109 grid points.

Results

The implemented Crank-Nicholson scheme enabled us to
reduce the computational cost at low Re-numbers by about
90% compared to the older version of Koynov et al.30 The
CN scheme improved the stability of the non-Newtonian fluid
simulations, enabling us to carry out simulations with a low
power-law index (strongly shear-thinning fluids). Furthermore,
the SL-advection scheme proved to result in low numerical
diffusion. Thus, we were able to fully resolve the concentra-
tion boundary layer close to the bubble interface as shown in
Figure 1. Thus, with our code even high Schmidt-number
problems can be simulated. The computational cost of this
scheme, i.e., the adaptive bicubic interpolation at the depar-
ture point, was mostly absorbed by an adaptive algorithm that
skips points where advection terms can be neglected.

Validation of the numerical algorithm and the models

Extensive tests of the semi-Lagrangian advection scheme
and the diffusion step were conducted to validate and demon-
strate the accuracy of the scheme. Tests were conducted on a
500 3 500 and a 1000 3 1000 grid to investigate the grid
dependence of the solution. The setup consisted of a spheri-
cal bubble (diameter db, no buoyancy forces) in a 12db 3

12db domain, in which diffusion and advection was simu-
lated. In order to test the advection scheme, the liquid sur-
rounding the bubble was advected with a certain velocity.
The bubble had the same velocity. Thus, the situation imi-
tates a stagnant bubble were mass transfer is only due to dif-
fusion. As the thickness of the concentration boundary layer
is not affected by the velocity field in this test case, a 500 3

500 grid was sufficient to accurately approximate the concen-
tration field. The results were compared to the solution for
the diffusion around a cylinder, as shown in Figure 1, and
the agreement is excellent.

To obtain a grid-independent solution in the production
runs, a mesh refinement study has been conducted. Together
with theoretical considerations on the concentration boundary
layer thickness as a function of the Pèclet number, it could
be shown that about 35 �

ffiffiffiffiffi
Pe

p
grid points in each direction

have to be used for a grid-independent solution.
To validate the semi-Lagrangian advection scheme, differ-

ent tests were conducted. One test was to compare the exper-
imentally and theoretically predicted mass-transfer rates in
Newtonian fluids. For this, the Sherwood number is plotted
against the Reynolds-number in Figure 2. It can be seen that
the results match other data in the range of their applicability
very well. As expected the results do not follow the correla-
tions for the flow around a solid cylinder. This is in agree-
ment with simulations done by Khinast,78 using a different
simulation technique.

To validate the simulated flow field for the power-law
fluid model, the computed drag coefficients were compared
with correlations taken from the literature. This is illustrated
in Figure 3. As can be seen, the agreement is good over the
full range of computed Re-numbers.

It was already shown by us78 that 2-D simulations can
yield good results for mass transfer and chemical reactions in
the vicinity of the bubble, since mass transfer is mainly influ-
enced by the steep concentration gradient close to the inter-
face. Only to a lesser extent it depends on the three-dimen-
sional structure of the vortices of the downstream region of
the flow. However, mixing effects induced by these vortices
may differ significantly in the 2-D and 3-D case.

Mass-transfer coefficients as a function
of the flow index

The dependence of the Sherwood number was studied as a
function of the power law index n. As shown by Bhavaraju
et al.,79 the mass-transfer coefficient increases with increas-

Figure 1. Concentration profile for test case.

Line: analytical solution; circle/diamond/cross: numerical
values; resolution: 500 3 500, D 5 5.13 3 1024, tmax 5
90, Dt 5 0.2). [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]
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ing pseudo-plasticity and decreasing flow index. This trend
can be confirmed in our simulations, as shown in Figure 4.
The figure shows that the Sherwood number significantly

increases with a decreasing shear index at constant Reynolds
number, defined as Repower-law 5 db

n Ut
(22n)ql/K. As can be

seen from our simulations, the increase in the mass-transfer
rate is more pronounced in the low-Reynolds-number regime
Re 5 1, compared to the case of Re 5 5. However, also in
the case of a recirculation wake (Re 5 18) and at low flow
indices, a significant enhancement of the mass-transfer coeffi-
cient can be observed. For such cases, shear thinning effects
can cause an increase of the mass-transfer rate of up to 20%.
Low values of the Schmidt number (Sc 5 50) weaken the
influence of shear thinning effects on the mass transfer at
Re 5 1, as in this flow, diffusion dominates convective
effects. In the case of higher Schmidt numbers (Sc 5 400),
the concentration boundary layer is thinner and therefore
develops in a region close to the bubble interface, where shear
thinning effects lower the local viscosity. Thus, shear-thinning
effects are more pronounced for higher Schmidt numbers.

In Figure 4 we have also included an analytical correlation
derived by Hirose and Moo-Young,80 which is valid in the
limit of infinite Pèclet numbers and creeping flow. Further-
more, experimental data for creeping flow by Moo-Young
et al.81 are shown. As can be seen from Figure 4, our data
for developed flows and realistic Sc number agree well with
the trend of their theoretical and experimental analysis. As
expected, the agreement improves for lower Reynolds num-
ber and higher the Schmidt numbers.

Inspection of the concentration field around a single bub-
ble at Re 5 5 shows, that bubbles in non-Newtonian liquids
have a longer ‘‘tail’’ than those in Newtonian fluids (Figure 5).
However, close to the bubble no qualitative differences
between Newtonian and shear-thinning fluids can be seen in
the region of low to moderate Re-numbers. Thus, only the
reduced local viscosity close to the bubble interface and the

Figure 2. Sherwood number as a function of the Re-
number for Newtonian fluids (Sc 5 10).

Lines show correlations based on experimental data for
solid cylinders (dashed line: low Re-number approximation)
and spheres with mobile interfaces (solid line: high Re-
approximation; dotted line: low to medium Re-number
approximation); the symbols represent simulation results
(diamonds: Khinast78; circles: this work). [Color figure can
be viewed in the online issue, which is available at
www.interscience.wiley.com.]

Figure 3. Drag coefficient as a function of the Re-num-
ber.

Corr a: Margaritis et al.86; Corr b: Rodrigue87; Corr c:
Rodrigue et al.68; Sim newt: simulation results Newtonian
fluid, Sim n: simulation results for power-law fluid with
flow index n. [Color figure can be viewed in the online
issue, which is available at www.interscience.wiley.com.]

Figure 4. Sherwood number for power-law fluids di-
vided by the Sherwood number for Newto-
nian fluids as a function of the flow index.

Circles, diamonds, boxes and crosses: simulation results;
line: analytical expression by Hirose and Moo-Young,80 1:
experimental results for creeping flow by Moo-Young
et al.81 [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]
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higher viscosity in the wake of the bubble in non-Newtonian
liquids must be responsible for the mass-transfer enhance-
ment.

In order to illustrate these effects, the variation of the rela-
tive shear rate _c0 in the vicinity of the bubble for Newtonian
and non-Newtonian liquids was investigated. For that pur-
pose the shear rate was normalized by a reference shear rate
_cref ¼ Ut=db. In the vicinity of the bubble interface a higher
peak value of the relative shear rate is observed for the
shear-thinning fluid ( _c0max ¼ 4:34) compared to a Newtonian
liquid ( _c0max ¼ 3:56). This higher peak value of the shear
stress may have an effect on (biological) cells that are aggre-
gated at the bubble interface.

The resulting viscosity field is shown in Figure 6. It
clearly indicates that there exists a region in front of the bub-
ble and two separated ones at the rear, where the viscosity is
low. Because of the locally higher Re-number in those areas,
the local mass transfer at the bubble roof will be higher than
in Newtonian liquids. This explains the higher overall mass-
transfer coefficient that was observed in non-Newtonian
liquids at the same Reynolds number. Another finding is that
at higher Re numbers, where a closed recirculating wake is
formed, a confined region with high viscosity exists behind
the bubble that influences the mass transfer from the bubble
(Figure 6, right). This effect was first observed by Ohta
et al.82 who investigated bubble flow in a shear-thinning fluid
via a Carreau-Yasuda model. The region becomes longer in
the wake shedding regime and separates the two wake
regions behind the bubble (Figure 7, upper left), which has
an effect on the concentration distribution in the wake
(Figure 7). Thus, when comparing the concentration fields
for the different flow indices, a change in the mixing pattern
can be observed. The lower the flow index, the lower the
interaction between the left and right flow structure, which is
due to the formation of a high viscosity zone which dampens
the fluid motion and hinders mixing. Therefore, we conclude
that mixing in the wake is negatively effected by the shear
thinning effect, which may further reduce oxygen distribution
in aerated low-shear-rate bioreactors.

Bubble swarms in non-Newtonian fluids

The dynamics of bubble swarms are highly complex due
to the intricate and chaotic interactions between the bubbles.
For example, most bubbles coalesce via a trailing bubble
‘‘bumping’’ into a leading one, i.e., there is an alignment of
the trailing bubble, followed by acceleration and elonga-
tion.83 Upon impact, a flattening of the contacting bubble

Figure 5. Concentration field around a bubble in New-
tonian (left) and non-Newtonian liquids (right)
(Re 5 5, Sc 5 400, n 5 0.4).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 6. Relative viscosity (lrel 5 l/lNewt) field around
a bubble rising in non-Newtonian liquids (left:
Re 5 5; right: Re 5 18, n 5 0.4).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 7. Relative viscosity (lrel 5 l/lNewt) and concen-
tration (crel 5 c/c0) profile in the wake of bub-
bles in non-Newtonian (upper left: n 5 0.4;
upper right: n 5 0.6; lower left: n 5 0.8) and
Newtonian liquids (lower right) (Re 5 28).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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surfaces occurs, leaving a thin liquid film, which is typically
1–10 lm in thickness. The film drains until it is ;100 Å
thick. Coalescence only occurs if the two bubbles are in con-
tact longer than required for film drainage. Once the critical
thickness is reached, an instability mechanism causes instan-
taneous film rupture and coalescence. The entire process
occurs on a millisecond time-scale, the rate-determining step
being film drainage.84 Such processes become even more sig-
nificant in non-Newtonian liquids, because bubbles trailing
other bubbles will be exposed to a lower local viscosity in
the leading bubble’s wake. This leads to higher impact veloc-
ities and, in turn, to different coalescence characteristics. In
order to study this problem, we recorded the mean velocity
of the bubble swarm and the resulting Re-number, where as
characteristic length the bubble’s equivalent diameter was
used.

To investigate this trend, in Figure 8 the instantaneous,
swarm-averaged Re-number has been plotted as a function of
dimensionless time for different flow indices. The time scale
has been made dimensionless by a reference time tref 5 db/
Ut, where Ut is the terminal rise velocity of a single bubble.

The bubble swarms consists of nine bubbles, which would
have a single-bubble Reynolds number of 20. A snapshot of
the viscosity and concentration field in comparison to the
Newtonian case is given in Figure 9. For these numerical
experiments, the Eötvös number was chosen to be 2.81 and
the viscosity (in the case of a Newtonian liquid) or the con-
sistency index of the power-law model (in the case of a non-
Newtonian liquid) was varied to give the specified single-
bubble Reynolds number of 20. Thus, all single bubbles in
the swarm would have the same single-bubble Re-number in-
dependent of the flow index. The starting conditions con-
sisted of nine bubbles aligned in a 3 3 3 rectangular grid
with a spacing of 1.5 bubble diameters between the bubble
centers. The size of the computational domain was 6 3 18
bubble diameters in the horizontal and vertical position,
respectively. From Figure 8 it can be seen that our expecta-
tion of the shear thinning effect can be confirmed. Although
the time-averaged swarm Re-number remains essentially con-
stant, bubble interactions are significantly enhanced, which is
indicated by the higher amplitudes and higher frequency of
the Re-number oscillations. Furthermore, by inspection we
find that the bubbles in non-Newtonian liquids have higher
approach velocities. This has no significant effect on mass
transfer, but may impact coalescence of bubbles in a funda-
mental way. Further investigations will be needed to study
this phenomenon.

As shown by Koynov et al.30 the initial setup of the bub-
bles in the swarm and the number of bubbles has a signifi-
cant impact on the swarm hydrodynamics. In order to study
this effect, many different situations were probed. For exam-
ple, a group of three bubbles was positioned in a horizontal
line. While in the case of a Newtonian liquid the mean rise
velocity is somewhat constant, we find a change in the flow
regime when the power law index is decreased. This is illus-
trated in Figure 10, where the left bubble travels faster than
the middle bubble and moves towards the center (Figure 10,
left). As a consequence of the reduced local viscosity the left
and center bubble begin to interact (Figure 10, right) and
travel as mini-bubble cluster faster than the single bubble on
the very right. This observation once more supports the con-
clusion that the aggregation of bubbles in non-Newtonian

Figure 8. Re-number as a function of dimensionless
time for a bubble swarm (Reav 5 12).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 9. Relative viscosity (lrel 5 l/lNewt, left) and con-
centration field (crel 5 c/c0, middle) around a
bubble swarm (Re5 12, n5 0.6, t5 30).

The right picture shows the concentration field in a Newto-
nian liquid. [Color figure can be viewed in the online issue,
which is available at www.interscience.wiley.com.]

Figure 10. Relative viscosity (lrel 5 l/lNewt) field around
three initially horizontally aligned bubbles
(Re 5 5).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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liquids is enhanced. Thus, a change of bubble size due to co-
alescence in shear thinning liquids is more likely in compari-
son to Newtonian liquids.

Impact on mass transfer and mass-transfer enhancement by
bubble clustering in non-Newtonian fluids is illustrated in
Figure 11, where the enhancement factor is shown for bubble
swarms with nine and three bubbles (two configurations) and
for different flow indices. For the nine-bubble cluster (same
setup as used for the investigation of the swarm Re-number)
we find that the influence of the flow index on the mass-
transfer coefficient is pronounced (Figure 11), with an
increase of mass transfer up to 60%. Also in the case of
three vertical bubbles a similar effect can be observed, which
again is due to the strong hydrodynamic coupling that bub-
bles experience when traveling in the low-viscosity wake of
others experience. For the nine-bubble cluster this effect is
stronger than for the three vertically aligned bubbles (149%
vs. 128% for n 5 0.6), due to the stronger bubble-bubble
interactions. Also for the three horizontally aligned bubbles
we find an increase in the mass-transfer rate, but this is quite
moderate (16% for n 5 0.6).

Mass transfer in viscoelastic fluids

For the viscoelastic simulations, additional parameters
such as time-step size, stress diffusivity for the stress
smoothing, and the grid resolution were optimized to run a
stable simulation. In our simulations we found that a higher
gas-phase viscosity was needed to stabilize the simulation by
smoothing the velocity field. A bubble viscosity of about
13% of the zero-shear-rate viscosity gave satisfactory stabil-
ity.

A series of simulations for an aqueous 0.8 wt % Praestol
2500 polymer solution [Pilz C, Brenn G. Oral and written

communication (data on the polymer solution), August 2006]
has been performed based on variable relaxation times of the
UCM model leading to different Deborah numbers. The other
simulation parameters are listed in Table 1 and are based on
the same dimensionless numbers as the experiments of Pilz
and Brenn [Oral and written communication (data on the
polymer solution), August 2006]. The Morton number was
based on the zero shear viscosity l0. The infinite shear rate
viscosity was related to l0 to obtain the relative infinite shear
rate viscosity l01 ¼ l1=l0, which was used as simulation
input. Evolution of the effective shear rate was described by
the model used by Frank and Li64 and Kemiha et al.65 (refer
to Eqs. 18 and 19).

In Figure 12 the normalized syy stress distribution and the
streamlines of the resulting flow fields are shown. While in
the case of an inelastic fluid (De 5 0) a clear fore-aft sym-
metry of the streamlines is observed, in viscoelastic fluids
this is not the case, and the occurrence of a negative wake is
observed. Furthermore, high syy stresses are found in the rear
region of the bubble. This stress is responsible for bubble de-
formation. However, in the current simulations the bubble

Figure 11. Mass-transfer coefficients from bubbles in
swarms (arrows indicate decreasing flow
index/increasing pseudoplasticity; Sc 5 50).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Table 1. Input Parameters for the Simulation of Viscoelastic
Fluids – UCM Model

Shear Thinning Model Carreau Model
Relative infinite shear rate viscosity, l01 0.0109
Parameter a (Carreau model) 1.35
Parameter n (Carreau model) 0.333
Parameter for the evolution of the viscosity, tr0 12.0
Parameter for the evolution of the viscosity, /0 0.50
Deborah number, De 0–8
Stress diffusivity, j 0.01
Grid resolution 140 3 420
Domain size 6db 3 18db

Time step size, Dt 0.001
Morton number, Mo 234
Eötvös number, Eö 2.81

Figure 12. Relative normal stress (syy,rel 5 syy/syy,max)
distribution surrounding bubbles in non-
Newtonian fluids (UCM model; left: inelastic
fluid, De 5 0, Re 5 0.029; right: viscoelastic
fluid, De 5 5.58, Re 5 0.319).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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shape could not be predicted accurately, due to the UCM
constitutive equation, which cannot predict a realistic exten-
sional viscosity which is responsible for bubble deformation.
Furthermore, a fully developed negative wake was not
observed in the simulations, as seen in experimental stud-
ies.65 Therefore, we conducted simulations based on the Gie-
sekus and Phan-Thien model, which yielded better results
with respect to the negative wake formation, as can be seen
in Figure 13 for the Giesekus model. However, for the mass-
transfer simulations we used the UCM model, since only one
parameter (the relaxation time) is necessary to characterize
the elasticity of the liquid phase.

In Figure 14 the evolution of the rise velocity is shown as
a function of the vertical bubble position. The bubble posi-

tion has been made dimensionless with the bubble diameter.
Clearly, even in the case of a small Deborah number (De 5

0.52) the steady-state bubble rise velocity is significantly
higher than in the case of an inelastic fluid (De 5 0) and ve-
locity oscillations upon start-up are observed. For example,
in the test case we find a Re-number of 0.029 in the case of
no elasticity and a Re-number of 0.319 in the case of De 5

5.6. This is due to the ability of viscoelastic fluids to absorb
deformation in an elastic way. Thus, when the relaxation
time in the UCM model is increased, some of the potential
energy of the bubble is not dissipated but used for the accel-
eration of the bubble and the surrounding liquid. This leads
to a higher rise velocity, which in turn enhances the mass
transfer from the bubble’s interface due to the increased con-
vective flow and better mixing. Furthermore, the bubble
deforms and becomes elongated.

The existence of a negative wake behind bubbles in visco-
elastic fluids is expected to improve dispersion of the dis-
solved gas phase. Our simulations of the concentration fields
in the wake of viscoelastic fluids confirm our expectation.
This is illustrated in Figure 15 (lower right figure), where the
downward motion of the negative wake leads to a convective
transport of dissolved gas into the liquid bulk phase, away
from the bubble trajectory. We also observe an increased
mass transfer, as shown in Figure 16, which shows the Sh
Pe20.5 number as a function of the position of the bubble for
different Deborah numbers. It can be seen that in all cases
with elastic features an increased mass-transfer rate is
observed. However, the values do not change significantly
above a Deborah number of O(1). Therefore, we assume that

Figure 13. Relative stress (srel 5 s/syy,max) distribution
surrounding bubbles in non-Newtonian flu-
ids (Giesekus model, De 5 3.84, Re 5
0.317).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 14. Reynolds number as a function of vertical
bubble position for different Deborah num-
bers (UCM model, simulation parameters
according to Table 1).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]

Figure 15. Streamlines and concentration fields sur-
rounding bubbles in viscoelastic fluids
(upper left: De 5 0; upper right: De 5 1.6;
lower left: De 5 3.0; lower right: De 5 5.6;
Sc 5 1000).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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the increased mass transfer is mainly due to convective
effects, which is supported by the fact that Sh Pe20.5 remains
approximately constant.

Summary and Conclusion

In our work it was shown that simulations of bubbly flows
with mass transport in non-Newtonian media at the micro-
scale are feasible. The rheology of shear-thinning fluids can
be implemented in a straightforward way. However, inclusion
of the fluid’s elasticity remains a challenging task that has
been addressed successfully for UCM, Giesekus and Phan-
Thien models. Even concentration fields and mass-transfer
coefficients could be predicted. While current simulations are
restricted to moderate Re-numbers and realistic Sc-numbers,
future developments will allow a precise characterization of
realistic systems at high Reynolds and Schmidt numbers or/
and for 3-D cases.

For the motion of bubbles in purely viscous fluids we
draw the following conclusions:

� The qualitative flow structure in shear-thinning fluids
remains basically the same as in Newtonian fluids. Behind
the bubble a region with high viscosity is observed, leading
to the formation of two separated zones in the vortex-shed-
ding regime that have influence on the dissolved gas disper-
sion in the wake.

� Due to the shear thinning effect, mass transfer around a
single bubble is increased with decreasing flow index
(increasing pseudoplasticity).

� In bubble swarms, the flow index has a significant
impact on the fluid dynamics and on mass-transfer rates due
to the different interactions of bubbles in the local variable
viscosity field.

The results from the simulation of bubble flows in visco-
elastic fluids can be summarized as follows:

� The simulation of viscoelastic fluids is only possible if

special numerical methods are applied. In addition, more

stringent requirements on grid resolution and time stepping

have to be imposed, since no general stability criteria exist.
� The fluid dynamics and the mass-transfer characteristics

change significantly in the presence of fluid elasticity. There-

fore, the elastic features of a fluid need to be accounted for.

It is not sufficient to characterize such media with simple

non-Newtonian fluid models.
� In our simulations with the UCM model, the formation

of a negative wake was observed. However, a fully devel-

oped negative wake was not found even in simulations

involving a Giesekus and Phan-Thien model.
� Mass transfer in the case of fluid elasticity is signifi-

cantly higher compared to cases where only shear-thinning

effects are considered. This mass-transfer enhancement is

mainly due to the increased Re-number. We therefore draw

the conclusion that the complex wake structure in the bubble

flow of viscoelastic fluids has only a limited effect on the

mass-transfer rate. However, it has a strong impact on the

dispersion of dissolved gas.
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Notation

a 5 parameter of the Carreau-Yasuda model
a 5 specific gas–liquid interphase (m2/m3)
ca 5 concentration of species a (kmol/m3)
cD 5 drag coefficient

CFD 5 computational Fluid Dynamics
D 5 rate of strain tensor (1/s)

De 5 deborah number (De 5 tm �Ut/db)
Da 5 diffusion coefficient of species a (m2/s)
db 5 volume equivalent bubble diameter (m)

DNS 5 direct Numerical Simulation
ds0 5 differential element of the bubble contour (m)

ECL-AL 5 external Circulating Loop Airlift Bioreactors
Eo 5 Eötvös number (Eo 5 g �Dq � db

2/r)
~f 5 body force (gravity; m/s2)

~Fr 5 body forces and surface tension (N/m3)

G 5 relaxation Function (Pa)
h 5 reference length (m)
k 5 reaction rate constant [m3/(kmol s)]
K 5 consistency index of the power law model (Pa � sn)
K 5 right-hand side of UCM model

KSpring 5 elasticity of the Hookean Spring (Pa)
lj 5 stress diffusive length (m)
ll 5 viscous length scale (m)

Mo 5 morton number (Mo 5 g �ll
4 �Dq/ql

2 �r3)
N 5 time step (used as superscript)
N 5 flow index of the power law model

~n 0 5 normal vector to the bubble interface

nCY 5 parameter of the Carreau-Yasuda model
p 5 pressure (Pa)
rj 5 reaction rate of the jth reaction [kmol/(m3 � s)]

PDE 5 partial differential equation
Pe 5 Péclet number (Pe ¼ db � Ut � ql=Da)

Figure 16. Sherwood numbers of bubbles in visco-
elastic fluids at different Deborah numbers
(Sc 5 1000).

[Color figure can be viewed in the online issue, which is
available at www.interscience.wiley.com.]
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Re 5 Bubble Reynolds number (Renewt 5 db �Ut � ql/ll, Repower-law

5 db
n �Ut

(22n) �ql/K)
Sh 5 Sherwood number (Sh 5 b � db/Da)
Sc 5 Schmidt number (Sc 5 ll/ql �Da)
s 5 time parameter in the relaxation function (s)
t 5 time (s)

tm 5 relaxation time (s)
tr,0 5 parameter for the evolution of the viscosity (s)

~u 5 velocity vector (m/s)

~u� 5 intermediate velocity vector (m/s)

Ut 5 terminal rise velocity (m/s)
Wi 5 weissenberg number (Wi 5 tm � _c)
~x 5 orthogonal coordinates, position vector of a point

~x 0 5 orthogonal coordinate of the interface

Greek letters

a 5 Courant number

b 5 mass-transfer coefficient (m/s)

b 5 minimum relative wavelength

d 5 Dirac delta function

u 5 effective shear rate (1/s)

u0 5 parameter for the evolution of the viscosity (1/s)

_c 5 shear rate (1/s)

_c0 5 dimensionless shear rate

g 5 fluid dynamic length scale (m)

gB 5 Batchelor length scale (m)

j0 5 curvature

j 5 artificial stress diffusivity

k 5 parameter of the Carreau-Yasuda model (s)

l 5 dynamic viscosity (Pa � s)

l0 5 dimensionless dynamic viscosity

l1 5 infinite shear rate viscosity of the Carreau-Yasuda model (Pa � s)

l01 5 relative infinite shear rate viscosity of the Carreau-Yasuda
model

l0 5 zero shear rate viscosity of the Carreau-Yasuda model (Pa � s)

ma;j 5 stoichiometric coefficient of species a in reaction j

q 5 density (kg/m3)

r 5 surface tension (N/m)

s 5 stress tensor (Pa)
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Appendix A: Boundary and Initial Conditions

Especially in the case of a viscoelastic fluid, choice of con-
sistent initial and boundary conditions is of central importance.
While the initial conditions for velocity and pressure do not
need any special consideration, consistent initial values for the
stress terms are important for the convergence of the iterative
scheme in steady-state simulations. Typically the stress field of
Newtonian fluid is used as first guess. As our simulations are
unsteady, we always start with a bubble at rest in a quiescent
fluid. Thus, all velocities and stresses are zero initially.

In the case of periodic-box simulations, the complete strain
history of the fluid (and the stress history) is known, as the
inflow at the bottom of the domain equals the outflow at the
top. Similarly, the left and right borders are connected. This
was implemented by the use of ghost points at the domain
boundary, which were updated within each iteration cycle.

For simulations including solid boundaries, the stresses at
the boundary points (these points are not directly involved in
the solution procedure) have to be defined (Fig. A1). For the
velocity components the approach is straightforward. The no-
slip boundary condition was implemented by setting

ui;1 þ ui;2
� ��

2 ¼ uwall: (A1)

Thus, the first grid point outside the computational domain
was set ui;1 ¼ 2 � uwall � ui;2. For the second-order velocity
derivatives the ghost point is calculated as ui;1 ¼
8 � uwall � 6 � ui;2 þ ui;3
� �

. In the case of stresses the situation is
more complicated. Gerritsma57 reported that for viscoelastic
flows a linear approximation of the velocity should be chosen
due to stability concerns. Using such a linear velocity extra-
polation, Deborah numbers in the order of O(10) should be
attainable.

At the wall the following relations hold (assuming a wall
in x-direction)

ujj¼1¼ vjj¼1¼
@u

@x






j¼1

¼ @v

@y






j¼1

¼ 0: (A2)

Thus, the velocity gradient tensor and the rate-of-strain
tensor only have off-diagonal elements. This implies that all
viscous normal stresses are equal to zero, and therefore, the
source term on the right hand side of the UCM model van-
ishes at the wall. Thus, all normal stresses will go to zero
with a time constant depending on the relaxation time. Fur-
thermore, normal stresses at the wall that have been zero ini-
tially will remain zero.

In the UCM framework, only the stress syy (stress normal
to the wall) is needed for the calculation of the shear stress
at the wall:57

sxy



j¼1

¼ sxy



j¼2

þ Dt � @u
@y






j¼1

� syy



j¼1

: (A3)

Since normal stresses are equal zero at the wall

sxy



j¼1

¼ sxy



j¼2

: (A4)

Thus, the shear stress gradient at the wall is zero, and we
can interpolate the shear stress gradient at the last cell center,
using the two adjacent grid cells in the domain (Fig. A2),
i.e.,

Figure A1. Definition of velocities outside the computa-
tional domain (zero-wall velocity).

Figure A2. Definition of shear stress and shear-stress
gradient at the wall.
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Appendix B: Sensitivity of the Results with
Respect to Density and Viscosity Ratio

As the stability of the current numerical scheme depends
strongly on the ratio between the liquid and the gaseous
phase density and viscosity, we have performed most of our
simulations with ratios of 1:10. However, realistic gas/liq-
uid-systems typically have ratios of 1:1000, and therefore,
the validity of our results was analyzed. In these simula-
tions we used a highly efficient pressure solver (the solver
PETSc,85 using a BiCGStab method) and higher density and
viscosity ratios (up to 1:100) for a Newtonian fluid. To
illustrate the influence on the bubble Reynolds-number, four
different cases with target Re-numbers between 0.1 and 20
were chosen (Re is a result of the simulation). The resulting
deviations from the reference Reynolds number (density ra-
tio of 1:10) are shown in Table B1. Clearly, at high Re-
numbers (Re 5 20) the deviation is significantly below 1%.
For low Re-numbers (Re 5 0.1 and Re 5 1) and small den-
sity and viscosity ratios, the viscous forces are dominating
inside the bubble. Here a more pronounced effect of the ra-
tio is observed for the simulation results. This effect is in

the range of about 3% and levels off quickly. Also the
modified Peclet number showed a maximum sensitivity of
about 3%.

In summary, our simulations with a density and viscosity
ratio of 1:10 are a very good approximation of gas/liquid
bubble flows, including mass transfer.

Manuscript received Jan. 19, 2007, and revision received Apr. 6, 2007.

Table B1. Sensitivity in % of the Re-Number with Respect
to the Density and Viscosity Ratio (Reference Simulation

with qg/ql 5 1:10)

Density and
Viscosity Ratio

Sensitivity (%)

Re 5 0.1 Re 5 1 Re 5 5 Re 5 20

1:5 20.53 21.05 20.56 20.29
1:10 0.00 0.00 0.00 0.00
1:50 2.26 2.96 0.53 0.07
1:100 2.87 3.03 0.51 0.13
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